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The present study considers the problem of thermal turbulence modeling analysis. The investigated subject is of tremendous importance in engineering and physical applications, notably in meteorology and oceanography The present modeling analysis is based on the renormalization group (RNG) theory formulated first by Yakhot and Orszag for non-thermal and unbounded flow. Later, Yakhot et al. [2] applied the same theory to non-thermal channel flow and found satisfactory results. Piomelli et al [3] considered an application of RNG to large eddy simulation (LES) of non-thermal boundary layer flow and found reasonably satisfactory results.
Due to large number of scales in fully developed turbulent flow, direct numerical simulation (DNS) is not an efficient procedure to determine solutions of many complex flow problems and LES procedure, where small scales are modeled while large scales are calculated, is preferred. However, previous LES works, which have not been based on RNG modeling, have been shown by Canuto and Minotti [4] and Smith [5] to have serious structural deficiencies and these deficiencies can be amplified for nonequilibrium turbulence problems of technology importance But, recent LES based RaNG procedures [2, 3, 5] led to reasonably satisfactory results and no serious deficiencies were detected. No RNG analysis has yet been done on the present subject, although very recently Riahi [6] applied RaNG theory to an incompressible and non-zero-buoyancy flow past an obstacle and estimated the expressions for eddy viscosity and eddy mass diffusivity for the nonlinear dominated range. It is hoped that the results presented in this paper can lead to further progress in thermal turbulence modeling areas These results are applicable both to the so-called inertial range where-5/3 Kolmogorov law for the energy spectrum is still applicable in the presence of buoyancy [7, 8] and to the so-called buoyancy range where 3 law for the energy spectrum holds [8] We consider the thermal turbulent flow which is governed by the continuity, momentum and heat equations which are coupled through the buoyancy force term in the momentum equation Boussinesq approximation together with a linear dependence of density on the temperature T are assumed [7] [8] . We then define the Fourier decomposition of _u, T and p fields in the range k < A,where k is the magnitude of the wave number vector .k and A is an ultraviolet cutoff
The space-time Fourier-transformed system of governing equations is a system of equations for the transformed quantities f_-(), '(), () and () for _f, .u, T and p, respectively, where (.k, w) and w is the frequency. Next, we assume that the modes vanish for k larger than the ultraviolet cutoff and write (f,,,P) (.< u < T < p<) + (f> u > T > p>) (2) where the quantities with the superscript < (long-wavelength modes) belong to the interval 0 < k < A exp( r), while the quantities with the superscript > (short-wavelength modes) belong to the interval A exp( r) < k < A. Here r is a positive constant. The expression (2) is used in the governing system for the transformed quantities and two formal paramgters A( 1) and 6o( 1) are introduced in front of the nonlinear terms in the momentum and heat equations, respectively, to facilitate the perturbation solution ofthe system. The RNG procedure consists of two steps. First, all short-wavdength modes terms in the system are removed, up to order A6 (n + m 3) and third order or higher of these terms, by repeated substitution of the system for the short-wavelength modes into the system for the long-wave length modes. Second, averages are taken over the pan f> of the random force f. The following resulting system of equations for ,< and T<, which contains only long-wavelength modes terms up to and including order A6 ( + m _< 2), is an approximation which is valid in the limit of small (3) [-iw + a(r)k2]T<() 
Now, in the inertial range (larger k limit range), where the minus five-thirds laws hold for the energy, heat flux and temperature variance spectrums [8] , we apply the expressions for these spectrums [8] and find that they hold for e 4 and a 2/3. Using our above results, it is then seen that (v, a) k -4/3 for the 4 fixed point.
Before considering the smaller k limit range case, it is useful to modify (3)- (4) to a form where nonlinear and buoyancy contribution to eddy viscosity and eddy diffusivity can be evaluated We find from (3) and use it in (4) and find T < from (4) and use it in (3). This procedure leads to a modified form of (3)- (4), where the .u term in the left hand side of (3), in the limit of w 0, becomes
(0a) and the T < term in the left hand side of (4), in the limit of w 0, becomes
It is of interest to note from (10) and (AS)-(A6) in the appendix that for larger k limit range case where r 0, buoyancy contributions to (10) are much smaller than the nonlinear contributions to (10) These results provide further supports to our analysis and results for the inertial range presented above Another observation for (3)- (4) and (10) is that, although the nonlinear contributions to eddy quantifies does not depend to any particular component of u, the buoyancy contributions to eddy quantities does depend, in general, to different components of _u and provide the effects due to the three components of u_ along any ofthe coordinate axis.
We now consider the smaller k limit range case. Using the rescaling (5) and formulating in the limit of k 0, we find that only part ofthe buoyancy contributions to (10a) and (l 0b) designated here by S and S ), respectively, which contain s,p, dominate over the rest of the terms in (10) . Investigating either S or S ), we find that either ofthese quantities satisfy the equation -(-6+a)S,), as r---,oo, (i=1,2), (11) dr and, thus, S, becomes independent of r as r oo, provided that a 6-e. (12) In analogy to the expansion parameters A and 6 and the corresponding equations (Ta,b) in the larger k limit range case, new parameters A and 5, in the smaller k limit range case, are defined, which satisfy equations ofthe form d r(Xl,l)--" (6--)(Xl,I), r ---, oo. (13) It is seen from (:3) that A and become independent of r for e 6 as r --, oo. Using e 6 in (12), we find a 0. It is of interest to note that minus three law (k-3), that is known to be valid for the energy spectrum in the buoyancy range (smaller k limit range) [8] , is followed here for e 6 and a 0
As can be seen from (5), u < T < so that k-31aw follows also for the temperature flux spectrum and for the temperature variance spectrum [8] in the smaller k limit range. Using the above results for the e 6 fixed point and (5), it is then seen that (S), S )) k -2 for the e 6 fixed point Hence eddy viscosity and eddy diffusivity at the e 6 fixed point dominate those at the e 4 fixed point, determined earlier, for k 0 limit, while the opposite is true for the k oo limit. This result is consistem with the way inertial and buoyancy ranges are defined [8] .
The resuks presented above for both e 4 fixed point (larger k' limit range) and e 6 fixed point (smaller k limit range) are in agreement with the physical modelling based on the hypothesis put forward by Shur [9] and Lumley [10] about the turbulence spectrum in a free atmosphere according to which the region of the validity of the k -5/3 law is followed by a region of smaller wave numbers where the k 3) law, which is known to be valid in the stably stratified turbulence in the smaller k limit range, is followed by the energy spectrum E(k) of thermal turbulence, while E(k) follows 5/3) law in the inertia range for the larger k limit range Further support for this result, in addition to those discussed earlier [10, 11] , can be obtained from very recent DNS studies of turbulent Rayleigh-Benard convection by Kerr [13] , which indicate that the mean temperature gradient S of the flow is slightly positive in the region away from the walls, while S is negative near the wall regions. Hence, we may propose the opinion that in thermal turbulence smaller scale eddies in the inertia range favor three-dimensional unstably stratified environment, while larger scale eddies in the buoyancy range favor quasi two-dimensional stably stratified 
